We provide a new proof of Solomon's result [16] stating that a compact minimal hypersurface M k of the sphere S k+1 such that H 1 (M ) = 0, and whose Gauss map omits a neighborhood of a S k−1 equator, is totally geodesic in S k+1 . The proof exploits the geometry of the condition H 1 (M ) = 0 at the level of universal covers. We also provide an analogous result for codimension 2 compact minimal hypersurfaces of S k+1 .
where · 2 = ·, · is the metric over the bundle T * M ⊗ φ −1 T N induced by g and h.
The Sobolev space W 1,2 (M, N ) is defined as follows. where τ is called the tension field of the map φ, and can be written in local coordinates as
Definition 2.1.2 (Gauss map). Let M p → R n be a p-dimensional oriented submanifold in Euclidean space. For any x ∈ M , the tangent space T x M can be moved to the origin by parallel translation. This yields a p-subspace of R n , i.e., a point in the oriented Grassmannian manifold G + p,n . This defines a map γ : M −→ G + p,n called the Gauss map of the embedding M → R n . Theorem 2.1.3 (Ruh-Vilms [13] ). Let M be a submanifold in R n and let γ : M −→ G + p,n be its Gauss map. Then γ is harmonic if and only if M has parallel mean curvature.
Using the Ruh-Vilms Theorem, one may attempt to find subsets A ⊂ G + p,n for which there can be no non-constant harmonic map φ defined on some compact manifold M with φ(M ) ⊂ A. In that regard, it is often useful to use the composition formula below for φ : M −→ N , ψ : N −→ P , where (P, i) is another Riemannian manifold.
When φ is harmonic, i.e. τ (φ) = 0, the formula is particularly useful. In particular if P = R, and ψ is a (strictly) convex function, then τ (ψ • φ) ≥ 0 (> 0). That is, ψ • φ : M −→ R is a (strictly) subharmonic function on M. The maximum principle then implies the following proposition:
Assume that there exists a strictly convex function on V . Then φ is a constant map.
For compact minimal submanifolds of spheres M k ⊂ S n ⊂ R n+1 , we have the Gauss map
and in the case of hypersurfaces of the sphere, the target becomes S k+1
Then to obtain such a subset A ⊂ G + p,n , one tries to find a strictly convex function f : A −→ R. This strategy was used by Hildebrandt-Jost-Widman, Jost-Xin, Jost-Xin-Yang and others [5] , [7] , [8] .
As we have discovered in [2] , instead of constructing a strictly convex function, we can use a geometric maximum principle based on sweepouts by convex hypersurfaces.
Non-existence of harmonic maps into subsets of spheres
Let us recall Sampson's maximum principle [14] . 
where B(·, ·) is the geodesic ball and r(t) is smaller than the convexity radius of N for any t. If, for each t 0 ∈ (a, b), the set R\B(Γ(t 0 ), r(t 0 )) is the union of two disjoint connected sets, namely the connected component that contains Γ(a) and the one that contains Γ(b), then there exists no compact manifold (M, g) and non-constant harmonic
We have the following immediate consequences of Theorem 2.2.3.
Let R be a region on a complete Riemannian manifold (N, h) that admits a sweepout {S t } by convex hypersurfaces S t with the following property:
(i) For each leaf S t of the sweepout, R \ S t is the union of two disjoint connected sets.
Then, there is no closed embedded minimal hypersurface M ⊂ R.
As an illustration, let us revisit an example in [2] and in [9] . Using different techniques it was shown that in S 2 \ (S 1 / ∼) >0 (where ∼ is the antipodal identification) there are no non-constant harmonic maps defined on a closed manifold. We can show a slightly more general result.
Example 2.2.5. Let p be a point in (S 2 ,g), ϕ(p) its antipodal point. Let c : [0, 1] −→ S 2 be a connected curve such that c(0) = p, and c(1) = ϕ(p) (it is not necessary, but one can suppose that c([0, 1]) is contained in the south hemisphere with respect to p and ϕ(p)). For a given > 0, define
where Γ(t) is the great circle such that Γ(t), p = 0, for every t ∈ S 1 . Although R is by definition a sweepout by convex hypersurfaces, R obviously does not satisfy (i) in Corollary 2.2.4. On the other hand, denoting by
) satisfies (i). Therefore, there are no non-constant harmonic maps defined on closed manifolds with image in S 2 \ (c([0, 1])) , see Figure 1 . This obviously implies that there are no closed geodesics in that region as well. The main idea of the proof of Theorem 2.2.3 is that ∂R is a barrier to the existence of non-constant harmonic maps. With the help of the maximum principle and the definition of R as a union of convex balls, we push the image of the harmonic map to this barrier.
That is exactly what we do in the above example.
The classical method of looking for a strictly geodesically convex function f : R −→ R is not very flexible. Once one changes the boundary of R slightly, one can no longer guarantee that there exists a strictly convex functionf :R −→ R. 
is an equatorial S k , and {x 1 , x 2 , ..., x k+2 } is an orthonormal basis for R k+2 . Using the region
determined by the great circle Γ k+2 (t) := cos(t)x 1 + sin(t)x k+2 , we have that R k+2 = S k+1 \ (S k−1 (x 1 , x k+2 )) >0 , where S k−1 (x 1 , x k+2 ) denotes a totally geodesic codimension 2 sphere orthogonal to x 1 and x k+2 ). Therefore, (S k (x 1 )/ ∼) is clearly a barrier for the existence of non-constant harmonic maps.
With this method we can also find more flexible barriers like γ([0, 1]) >0 in the case of higher dimensions, although some extra care on the choice of the barrier is needed. Namely, we must understand the antipodal points p, ϕ(p) in Example 2.2.5 as a S 0 sphere, that is, a codimension 2 totally geodesic subset. More precisely, we have the following. . The Clifford torus in S 3 decomposes the sphere into two regions that admit mean convex sweepouts, for instance the equidistant one. By Sampson's maximum principle, there cannot exist other minimal hypersurfaces in one of these two regions. In fact, it is known more generally that every two minimal hypersurfaces intersect on manifolds with positive Ricci curvature. On the other hand, these two regions have several closed geodesics; or in other words, many codimension 2 totally geodesic spheres. Those geodesic S 1 are not homotopic to a point inside the region containing them. 3 Solomon's Bernstein theorem 3.1 Codimension 1 B. Solomon [16] has proven the following theorem. We present a simple proof for this using Theorem 2.2.3.
Proof. Since M is minimal, its Gauss map γ : M −→ S k+1 is a harmonic map. LetM be the universal cover of M , and denote by (S k+1 \ S k−1 ) the universal cover of S k+1 \ S k−1 . Let ψ 1 :M −→ M and ψ 2 : (S k+1 \ S k−1 ) −→ (S k+1 \ S k−1 ) be the isometries given by the respective covering maps. Since S k−1 has codimension 2 in S k+1 , its complement is not simply connected; in fact, (S k+1 \ S k−1 ) is an infinite strip in R k+1 with metric ψ * 2 (γ), that is, the pull-back of the round metricγ by the covering map.
Since H 1 (M ) = 0, we have that Π 1 (γ • ψ 1 ) = 0, where γ • ψ 1 :M −→ S k+1 . This implies that the Gauss map γ lifts to the universal cover as a harmonic map γ :M −→ (S k+1 \ S k−1 ), andγ(M ) is a compact subset of (S k+1 \ S k−1 ). But the latter admits a sweepout by convex hypersurfaces, given by the lifting of the region in S k−1 \ (S k−1 ) given by equation (2.5) . The theorem now follows from Corollary 2.2.4.
Codimension 2
To study the case of codimension 2, we need a careful study of Grassmannian manifolds. We follow D. Hoffman and R. Osserman [6] , S. Kozlov [10] , and the work of the second author with Y. Xin [7] .
The oriented Grassmanian G + 2,k+2 has a natural orientation induced from a complex structure that can be defined as follows. Given an oriented 2-plane P in R k+2 , let v, w be orthonormal vectors such that P = span{ v, w }. Define z = v + iw, and note that this complex vector assigns a point of C k+2 to P . If one rotates v and w in P by an angle θ, we assign the complex vector e iθ to P . Therefore, each oriented 2-plane P is assigned to a unique point in the complex projective space CP k+1 . From the fact v and w are orthonormal, we have that where z j = v j + iw j for every j ∈ {1, ..., k + 2}. The above equation defines a quadric Q k ⊂ CP k+1 . Moreover, if
is the Fubini-Study metric on CP k+1 , and (Q k , ds 2 | Q k ) is the pullback to Q k of the Fubini-Study metric with respect to the canonical embedding of Q k in CP k+1 , we obtain an isometry between G + 2,k+2 endowed with the metric of homogenous space and (Q k , ds 2 | Q k ). There exists a biholomorphic map ϕ : Q * k −→ C k given by
where
A proof can be found in D. Hoffman and R. Osserman [6] . Consider another hyperplane H : z 1 + iz 2 = 0 in CP k+1 . Obviously, Q k ∩ (H ∪ H ) = {((z 1 , ..., z k+2 )) ∈ Q k | z 2 1 + z 2 2 = 0} has codimension 2, and therefore
is not simply connected. For the case k = 2, we have Q 2 = G + 2,4 and
where ∂B Γ(t), π 2 − 2 is given in example 2.2.5, we get the following. Let M 2 ⊂ S 4 be a codimension 2 compact minimal Q 2 submanifold such that H 1 (M ) = 0. If the Gauss map γ : M −→ Q 2 omits two hyperplanes as above, then γ is constant and M a totally geodesic 2-sphere in S 4 .
Since we assume H 1 (M ) = 0, we are basically assuming that M is topologically S 2 . But the harmonic Gauss map γ : S 2 −→ S 2 × S 2 must omit a large set in S 2 × S 2 . Therefore, the question of when a minimal immersion of S 2 into S 4 is totally geodesic is reduced to the question of finding two antipodal points in each of the S 2 components of the Grassmannian G + 2,k+2 in the image of the Gauss map. To find convex sets in the general quadric Q k , we need the following theorems by S. Kozlov and Jost-Xin.
Let (w, X) ∈ T G + p,n be an element of the tangent bundle and {η iα } α=1,...,q i=1,...,p a basis for T w G + p,n as above. There exist m i ∈ V ⊥ w such that Let w ∈ G + p,n and X ∈ T w G + p,n be a unit tangent vector. We know that there exists an orthonormal basis {e i , n α } α=1,...,q i=1,...,p of R n and a number r ≤ min(p, q) such that w = span{e i }, n = p + q and X = λ 1 n 1 ∧ e 2 ∧ ... ∧ e r + ... + λ r e 1 ∧ ... ∧ e r−1 ∧ n r ∧ X 0 , 
, (3.9) where |λ α | := max{λ α } and |λ β | := max{λ α ; λ α = λ α }.
Definition 3.2.4. Let w ∈ G + p,n and X ∈ T w G + p,n a unit tangent vector as in Equation (3.8) . Setting n = k + 2 in the above, we can define
where w X 1 is the geodesic with tangent vector given by X 1 = n 1 ∧ e 2 ∧ e 3 ∧ ... ∧ e p . This region provides a sweepout by convex hypersurfaces of a set that contains none of the points w X 2 (±t X 2 ), where X 2 = 1 √ 2 (n 1 ∧ e 2 + e 1 ∧ n 2 ) ∧ e 3 ∧ ... ∧ e p (or the rotation of any other two tangent vector into normal ones). If we take the biholomorphism ϕ of Theorem 3.2.1, then for an appropriate basis and two different vectors X 2 andX 2 (that is, two different rotations of basis vectors), ϕ −1 (w X 2 ) = H and ϕ −1 (w X 2 ) = H . This construction gives us the following theorem, which can be seen as a codimension 2 version of Solomon's theorem.
Theorem 3.2.6. Let M k be a codimension 2 compact minimal submanifold of S k+2 with H 1 (M ) = 0. Suppose that its Gauss image is contained in the region R given by (3.10). Then g is constant and M a totally geodesic submanifold of S k+2 .
Proof. By the above argument, R is contained in a region that is not simply connected in Q k . As in the proof of Theorem 3.1.1, the Gauss map lifts to a mapg :M −→ Q k \ (H ∪ H), and the imageg(M ) is compact inR ⊂ Q k \ (H ∪ H). Since we can lift the convex sweepout of R toR, we conclude that(g) is constant. Therefore g is constant and M is a totally geodesic submanifold of S k+2 .
